Abstract. Let M be a closed connected C 1
Introduction
Let M be a closed connected C 1 Riemannian manifold whose geodesic ow is Anosov. This happens for example, when all the sectional curvatures are negative.
Let be a smooth 1-form on M. We think of as a function : TM ! R such that for each x 2 M, x is a linear functional of T x M. By the structural stability theorem, there exists " > 0 such that for 2 (?"; ") the ows EL and F remain Anosov. Our aim in this note is to compare various dynamical properties of these two 1-parameter deformations of the original geodesic ow . Let h EL ( ) be the topological entropy of EL and let h F ( ) be the topological entropy of F . By the results in 5, 13] , the maps 7 ! h EL ( ) and 7 ! h F ( ) are C 1 . Let h := h EL (0) = h F (0) be the topological entropy of the geodesic ow . Among other results we shall show in Section 5:
Theorem.
h 00 EL (0) + h 00 F (0) = h 2 Var( ); where Var( ) is the variance of .
In 16] we showed that h 00 EL (0) 0 with equality if and only if is a closed form. Combining this result with the theorem we shall see in Section 5 that the function 7 ! h F ( ) is locally strictly convex at = 0 provided that is not an exact form. Hence, when is not closed, 7 ! h EL ( ) presents a strict local maximum at = 0 (an absolute maximum in fact, as it is shown in 17]) but 7 ! h F ( ) presents a strict local minimum at = 0 (an absolute minimum in fact, as we show in Corollary 5.3).
The motivation for looking at these type of questions arises from the results of G. Besson, G. Courtois and S. Gallot 3] . Suppose that g 0 is a locally symmetric metric in M, and let g be any other metric in M with the same volume as g 0 . Then the topological entropy of the geodesic ow of g is greater or equal than the topological entropy of the geodesic ow of g 0 and equality holds if and only if g is isometric to g 0 when dim M 3 or g has constant negative Gaussian curvature when dim M = 2. A natural question arises: how big is the class of systems for which locally symmetric metrics minimize topological entropy provided that some reasonable normalization is given?
Recall that a convex superlinear Lagrangian is a smooth function L : TM ! R such that the restriction of L to each T x M has positive de nite Hessian and that for some Riemannian metric we have that 
The energy of L is independent of and equals jvj 2 x =2. Suppose that we are looking at a regular energy level k := E ?1 (k) of a convex superlinear Lagrangian.
Let i : k ! TM be the inclusion map and let be the Liouville volume form of TM (the one given by the n-th exterior power of the symplectic form where n := dim M). It is well known (cf. 1] Theorem 3.4.12]) that there exists a natural volume form k in k such that k = i where is any form such that = dE^ . The form k is preserved by the Euler-Lagrange ow. So we could attach in a fairly natural manner a volume to the energy level k by integrating k over k . 
Hence, for general Euler-Lagrange ows V k does not to coincide with On the other hand, Finlser geodesic ows are always of contact type, so in each unit sphere bundle there is a distinguished contact form whose volume we could use as a natural normalization. One can check that the volume of the contact form of F does not change with (cf. Lemma 2.3). Therefore, the results in this note would point in the direction that Finsler metrics normalized by the volume of their contact form constitute a class in which locally symmetric metrics have a good chance of being absolute minimums for the topological entropy. Related results have been obtained by J. Boland in his thesis 4]. He considers deformations of locally symmetric metrics through Finsler metrics and he gives conditions on the rst and second order terms of the deformation under which the normalized topological entropy increases. He then uses this for contact Anosov deformations to show that there is a functionalwhich reduces to entropy times volume when the deformation is through Riemannian metrics-which has a local minimum on symmetric metrics. For more about this problem and a Finsler counterexample in higher rank we also refer to P. V erovic's thesis 19].
Passing by, we would like to point out that the ows EL have a peculiar feature.
Their Anosov splitting is never of class C 1 for 6 = 0; in particular, for surfaces, they are never of contact type 14]. In Section 2 we shall show that F is a smooth reparametrization of EL (cf. Lemma 2.1).
In Section 5 we derive other consequences of the Theorem. We show that for every 6 = 0 the topological entropy and the entropy of the Liouville measure for the geodesic ow of F do not coincide. Also we show that if the Riemannian metric is negatively curved then the function 7 ! h EL ( ) + h F ( ) is locally strictly convex at = 0 provided that is not exact.
Acknowledgements: I would like to thank Gerard Besson and Patrick V erovic for several discussions. In particular, the problem of comparing the entropies of the two deformations arose from discussions with them. I would also like to thank Je Boland for making his thesis readily available to me. To prove the lemma we need a few preliminaries. Let : TM ! M be the canonical projection and let K : TTM ! TM be the connection map of the Riemannian metric. Let us recall how K is de ned. Let z : (? ; ) ! TM be a curve such that z(0) = (x; v) and z 0 (0) = . Write z(t) = ( (t); Z(t)). Then, K (x;v) ( ) = r _ Z(0); where r is the Levi-Civita connection.
It is well known that TTM splits as the direct sum of the vertical and the horizontal subbundles We remark that the formula for the rst derivative of h( ) was rst obtained in 12] and the formula for the second derivative was obtained independently in 7] and 18].
4. First derivative of h F ( ) Let be a non trivial free homotopy class. We let l (c) denote the Finsler length of an arbitrary closed curve c in the class with respect to the Finsler metric F . For each F , the shortest closed curve in is well known to be a unique closed geodesic, which we denote by F . Let T F be the period of F . The measure q is invariant under the ow of X F =(1 + ). Let h q be the entropy of the ow of X F =(1 + ) with respect to the measure q . By part 2 of Lemma 2.1, Abramov's formula and the variational principle for the topological entropy we have
which combined with Proposition 4.1 gives the desired inequality.
As before, let be the contact form of the metric F . Note that
hence by Stokes theorem we only need to show that
In fact we shall show that on SM
Take (x; v) 2 SM . Since is a contact form, to prove (7) it is enough to show that 
Proof of the Theorem and consequences
Let be a non trivial free homotopy class. As before, let F be the unique closed geodesic of F in the class . Let T F be the period of F .
Since EL is topologically conjugate to the geodesic ow by a homeomorphism isotopic to the identity, there exists a unique solution EL 
From (9) and (10) Proof . It follows right away from the Livsic theorem and equations (9), (10) 
From (13), (14) and the fact that D 2 0 EL + D 2 0 F is cohomologous to zero we obtain h 00 F (0) + h 00 EL (0) = h 2 Var( ); thus concluding the proof of the theorem. 
